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1. Introduction
The Monge–Ampère equations
det(D2u) = λf (−u), in B
u(x) = 0, on ∂B, (1)






matrix of u, B = {x ∈ RN : |x| < 1}. Because of its important background, there are many authors who pay more attention
to the study of Eq. (1), see [1–3] and the references therein. In addition, Goncalves, Santos and Mohammed also solve the
singular boundary value problems for the Monge–Ampère equations, see [4,5]. Inspired by [3], Hu, Wang recently consider
the existence, multiplicity and nonexistence of convex radial solutions of Eq. (1) or Dirichlet problem for the system of the
Monge–Ampère equations
det(D2u1) = λf1(−u1, . . . ,−un), in B
· · ·
det(D2un) = λfn(−u1, . . . ,−un), in B,
u(x) = 0, on ∂B,
(2)





is the Hessian matrix of ui, B = {x ∈ RN : |x| < 1}. The proof of the results is based on
a fixed point theorem in a cone, see [6–9].
On the other hand, using the fixed point theorem, many authors study the multiple results of differential equations
or systems, see [10–12]. Inspired by the work of the above papers, our aim in the present paper is to investigate the
∗ Corresponding author at: College of Science, Hohai University, Nanjing, 210098, PR China.
E-mail addresses:wang-fanglei@hotmail.com (F. Wang), anykna@nuaa.edu.cn (Y. An).
0893-9659/$ – see front matter© 2011 Elsevier Ltd. All rights reserved.
doi:10.1016/j.aml.2011.07.016
F. Wang, Y. An / Applied Mathematics Letters 25 (2012) 88–92 89
existence of at least three convex radial solutions of Eq. (2) when λ = 1. Moreover, the method chosen in this paper is
the Leggett–Williams fixed point theorem which has not been used to study Eq. (2) in the literatures.
For convenience of our station, we now introduce the following well-known Leggett–Williams fixed point theorem.
Let E be a real Banach space and P be a cone in E. A map α is said to be a nonnegative continuous concave functional on
P if
α : P → [0,+∞)
is continuous and
α(tx+ (1− t)y) ≥ tα(x)+ (1− t)α(y)
for all x, y ∈ P and t ∈ [0, 1].
For numbers a, b such that 0 < a < b and let α be a nonnegative continuous concave functional on P , we define the
following convex sets
Pa = {x ∈ P : ‖x‖ < a},
and
P(α, a, b) = {x ∈ P : a ≤ α(x), ‖x‖ ≤ b}.
Lemma 1.1 ([13] Leggett–Williams Fixed Point Theorem). Let T : Pc → Pc be completely continuous and α be a nonnegative
continuous concave functional on P such that α(x) ≤ ‖x‖ for all x ∈ Pc . Suppose there exist 0 < d < a < b ≤ c such that
(i) {x ∈ P(α, a, b) : α(x) > a} ≠ ∅ and α(Tx) > a for x ∈ P(α, a, b);
(ii) ‖Tx‖ < d for ‖x‖ ≤ d;
(iii) α(Tx) > a for x ∈ P(α, a, c) with ‖Tx‖ > b.
Then T has at least three fixed points x1, x2, x3 satisfying
‖x1‖ < d, a < α(x2),
‖x3‖ > d and α(x3) < a.
This paper is organized as follows: In Section 2, some preliminaries are given; in Section 3, we give the main results.
2. Preliminaries














and then (2) can be easily transformed into the following boundary value problem
((u′1(r))
N)′ = NrN−1f1(−u1, . . . ,−un), 0 < r < 1
· · ·
((u′n(r))
N)′ = NrN−1fn(−u1, . . . ,−un), 0 < r < 1,
u′i(0) = ui(1) = 0, i = 1, . . . , n
(MA)
where N ≥ 1. We shall impose growth conditions on nonlinearities fi which ensure the existence of at least three radial
convex solutions for the system (MA). For convenience, with a simple transformation vi(t) = −ui(r), then system (MA) can
be brought to the following system
((−v′1(t))N)′ = NtN−1f1(v1, . . . , vn), 0 < t < 1· · ·
((−v′n(t))N)′ = NtN−1fn(v1, . . . , vn), 0 < t < 1,
v′i(0) = vi(1) = 0, i = 1, . . . , n.
(MA′)
Now we mainly treat the positive concave solutions of (MA′).




(H1) fi : Rn+ → R+ is continuous, and for any v ∈ Rn+, fi(v) > 0, if v ≠ 0.
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|vi(t)|, for v(t) = (v1(t), . . . , vn(t)) ∈ E.
From Lemma 2.2 in [9], let P be a cone in E defined as
P =
















[NτN−1fi(v1(τ ), . . . , vn(τ ))]dτ

ds, 0 ≤ t ≤ 1, (3)
where ϕ(t) = tN , ϕ−1(t) = t 1N . From a standard procedure and [9], we have
Lemma 2.1. Assume (H1) holds. Then T (K) ⊂ K and T : K \ {0} → K is compact and continuous.
3. Main result
Theorem 3.1. Assume (H1) holds. In addition, there exist numbers a, c and d with 0 < d < a < c4 such that the following
conditions are satisfied:
(H2) fi(v) < n−Nϕ(d), for t ∈ [0, 1], vi ≥ 0 and 0 ≤∑ni=1 vi < d;












, vi ≥ 0, and
n−
i=1
vi ∈ [a, 4a],









(H4) fi(v) ≤ n−Nϕ(c), for t ∈ [0, 1], vi ≥ 0 and 0 ≤∑ni=1 vi < c.
Then the boundary value problem (MA′) has at least three radial concave solutions.







then it is easy to know that α is a nonnegative continuous concave functional on P with α(v) ≤ ‖v‖ for v ∈ P .
Set b = 4a. First, we show that T : Pc → Pc , where c > b.





























So ‖Tv‖ =∑ni=1 ‖Tiv(t)‖ ≤ c.
In the similar way, we also can prove that T : Pd → Pd. Then (ii) of Lemma 1.1 holds.
Next, we shall show that (i) of Lemma 1.1 is satisfied. It is clear to see that v =  a+b4 , . . . , a+b4  ∈ {v = (v1, . . . , vn) ∈














vi(t) = α(v) > a.
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Above all, the hypotheses of the Leggett–Williams theorem are satisfied. Hence (MA′) has at least three positive solutions











v3i (t) < a.
The proof is complete. 
















Then the boundary value problem (MA′) has at least three radial concave solutions.
Proof. First, we shall show that there exists a positive number c with c ≥ b = 4a such that T : Pc → Pc .
By (H6), there exists δ > 0 such that
fi(v) ≤ 12n
−Nϕ(‖v‖), ∀t ∈ [0, 1], ‖v‖ ≥ δ.
Set






































































So ‖Tv‖ =∑ni=1 ‖Tiv(t)‖ ≤ c.
Next, from (H5), there exists d ∈ (0, a) such that
fi(v) < n−Nϕ(‖v‖), ∀t ∈ [0, 1], ‖v‖ ∈ [0, d].



















































Finally, the left proof is similar to Theorem 3.1, we omit it. 
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